The performance of a self-healing Thermal Barrier Coating (TBC) containing dispersed healing particles depends crucially on the mismatch in thermomechanical properties between the healing particles and the TBC matrix. The present work systematically investigates this phenomenon based on numerical simulations using cohesive element-based finite element analysis. The effect of the mismatch in Coefficient of Thermal Expansion (CTE) and fracture strength between the healing particles and the matrix on the fracture characteristics is quantified in detail. Unit cell-based analyses are conducted on a representative self-healing TBC system under a thermal loading step typically experienced by TBC systems in jet turbines. Two different simulation setups are considered within the TBC unit cell namely (i) a single pair of healing particles and (ii) a randomly distributed array of healing particles. The results of the simulations are reported in terms of the fracture pattern, crack initiation temperature and crack length for various CTE mismatch ratios. Correlations are established between the results obtained from the two simulation setups essentially revealing the effect of spatial distribution and proximity of healing particles on the fracture pattern. The results obtained from the analyses can be utilised to achieve a robust design of a self-healing TBC system.
Introduction
Thermal Barrier Coating (TBC) systems are protective layers applied to critical structural components of jet engines operating at high-temperature. A typical TBC system consists of three different layers, (i) a Top Coat (TC), which directly faces the hot gases in the engine (ii) a Thermally Grown Oxide layer (TGO) and (iii) a Bond Coat (BC) layer which is connected to the actual turbine blades. The TC layer is a ceramic layer usually consisting of Yttria Stabilized Zirconia (YSZ). It provides thermal insulation to the underlying components because of its low thermal conductivity. The BC layer is an intermediate metallic layer often made of NiCoCrAlY alloy. It acts as a bonding layer connecting the TC and the substrate and also provides oxidation resistance to the substrate by acting as a sacrificial layer. The TGO layer is a relatively thin α alumina (Al 2 O 3 ) layer formed due to the oxidation of the aluminium phase in the BC at high temperatures. The coating system undergoes a thermal cycle during each start and stops as the turbine's temperature increases from ambient to operating temperature and subsequently decreases back to the ambient temperature. During each thermal cycle, the layers of the TBC system expand and shrink unequally due to a mismatch in coefficients of thermal expansion (CTE) of the TBC layers as illustrated in Fig. 1 .a. The resulting thermal stresses cause nucleation and growth of micro-cracks in the TBC system [1, 2] . In addition, cracking also occurs due to the thickening of the TGO layer as the oxidation of the metallic bond coating generates more alumina, see Fig. 1 .a and b. After several hundreds of thermal cycles, the micro-cracks eventually coalesce, forming a relatively large crack originally more or less parallel to the TBC-substrate interface. As large cracks deflect towards the free surface via local imperfections, the TBC separates from the substrate, which is known as spallation, as illustrated in Fig. 1 .b. As a consequence, large portions of the TC separate, which may lead to direct exposure of the critical engine components to the high-temperature gases, ultimately resulting in a catastrophic failure of the entire turbine.
Several efforts have been made to increase the lifetime of the TBC system, mainly in the directions of varying the deposition process and coating compositions in order to delay the initiation of micro-cracks [3, 4, 5] . Incorporating self-healing mechanisms in TBC systems is a novel approach to improve the lifetime of these coatings [6, 7, 8, 9, 10] . The principle of the self-healing mechanism in a TBC system is demonstrated in Fig. 1 .c [7] . A solid self-healing agent is encapsulated and embedded within the TBC topcoat layer during the coating process. When the crack induced by thermal cycling reaches the microcapsule, the capsule breaks and the oxidised self-healing agent flows into the crack, where it can further react with the matrix material and heal the crack. The best studied concept of the selfhealing TBC is based on alumina coated Mo-Si particles embedded in the TC layer close to the TC/BC coat interface where the micro-cracks are likely to initiate. Upon cracking in the TBC, the micro-cracks interact with the healing particles, resulting in fracture of the particles. Subsequently, the healing agent within the particles oxidises and diffuses into the crack to form a glassy phase which in turn reacts with the surrounding matrix to form a load-bearing crystalline ceramic (zircon). The resulting healing of the micro-cracks delays the formation of a macro-crack by preventing crack coalescence which, in turn, extends the life time of the TBC system. Further details of the above-discussed self-healing TBC system such as detailed description of the healing mechanism, type of healing particle, fabrication routes and associated challenges can be found in the following works [11, 6, 7, 8, 12, 13] .
Numerous computational studies have been conducted to investigate the failure mecha- nisms in the TBC system. In the context of fracture analysis in TBC systems, different approaches have been used, including, classical fracture mechanics-based methods (e.g. VCCT, energy release rate) [14, 15] , cohesive zone element based methods [16, 17] and the extended finite element method (XFEM) [18, 19] . Classical fracture mechanics approaches are suitable for crack propagation studies, whereas cohesive element-based approach enables modelling of crack initiation as well as crack propagation. XFEM is an enriched version of the classical finite element method which embeds discontinuities in the shape functions of a classical 2-D or 3-D finite element. This method serves as a tool to represent initial and evolving crack geometry independent of the finite element mesh and the crack evolution can be modelled either using classical fracture mechanics parameters or cohesive traction-separation laws. One of the current shortcomings of XFEM is its limited capability in dealing with multiple cracking and coalescence, which are crucial in the current study. Cohesive elements were utilised successfully for such multiple cracking and coalescence problems albeit with higher computational costs to achieve 'mesh-independent' solutions. A detailed review on various modelling methodologies and failure mechanisms in TBC systems addressed through computational modelling can be found in [20] . A second review on the influence of modelling choices in terms of interface morphology, boundary conditions, dimensionality and material models on the TBC response is presented in [21] . They provided guidelines and strategies for effectively modelling the stress evolution and the crack propagation in TBC systems. All the investigations in the literature have contributed to a detailed understanding of the failure mechanisms in TBC systems. From the perspective of modelling the behavior of a self-healing TBC system, additional aspects need to be accounted for in the analysis as compared to the conventional TBC systems. Specifically, the effect of the presence of healing particles on the TBC fracture behaviour has to be analysed from two different perspectives. Firstly, to successfully trigger healing mechanism, the microcracks initiated in the TBC have to interact with healing particles leading to the opening of the particles for healing activation. This, in turn, depends on the geometric and the material properties of the healing particles in relation to the TBC layers. Secondly, it is essential to study how the healing particles influence the thermomechanical behaviour of the self-healing TBC in comparison with the baseline TBC without healing particles, in other words, introducing healing particles should not significantly deteriorate the mechanical integrity of the original TBC system. Several modelling studies have been conducted in the literature to address the above two aspects [22, 23, 24, 25, 26, 27] . For instance, the influence of mechanical properties of the healing particles on the fracture mechanism in a self-healing material have been analysed in detail in [28, 27] . In [22] , crack propagation studies were conducted in an idealized healing capsule(s)-matrix system and the effects of geometric and material parameters were analysed using cohesive and extended finite element method (XFEM). Within the context of self-healing TBC systems, few modelling studies have addressed the effect of the healing particles on the TBC properties and the thermomechanical response [29, 30] . The effect of the healing particles on the fracture mechanisms and the mechanical properties of a particulate composite representing a self-healing TBC microstructure were studied using cohesive element-based finite element analysis in [31, 32, 33] . However, one critical aspect that has not been analysed in detail pertains to the mismatch in thermo-elastic properties coupled to a mismatch in fracture properties.
In order to design a self-healing TBC system with dispersed healing particles, an important issue that needs detailed understanding is the effect of mismatch in CTE between the particles and the TBC layers, in addition to the elastic and fracture property mismatch. An ideal self-healing TBC should have healing particles with similar CTE in relation to the surrounding TC layer. Such a combination would prevent generation of additional thermal stresses in the TBC which would otherwise lead to microcrack formation. On a different context, specific prerequisites on the mechanical properties of the healing particles and the particle/matrix interface are necessary for a successful activation of the healing mechanism [28] . With this motivation, a detailed finite element analysis is conducted to quantify the effect of mismatch in thermomechanical properties on the fracture evolution in the self-healing TBC system. The effect of CTE mismatch is investigated in detail using two simulation setups, one with a TBC containing two healing particles and the other with a TBC consisting of a randomly distributed array of particles. Further, the effects of the relative strength of the particle and the interface with respect to the TC layer are analysed using the finite element simulations on the multiple particles setup. The present work is connected to the optimal design of self healing TBCs from two distinct aspects: (1) It serves as an analysis tool to decide the best combination of thermomechanical properties of the healing particles and the matrix to achieve a robust self-healing system and (2) It allows to choose the best spatial arrangement of healing particles to control the crack and healing patterns.
Finite element model of TBC

Model geometry
A 2D multiscale approach is adopted for the finite element analysis of fracture evolution in a self-healing TBC system. The system considered is composed of two different layers of the TBC system, namely the TC and the BC. The TBC unit cell is periodic in the horizontal direction, while in the vertical direction, the layers are modelled with their respective thicknesses. The interface between the TC and the TGO layers is modelled as an idealised sinusoidal curve [34] , whose wavelength and amplitude are assigned values of 60 µm and 10 µm respectively. These values are representative of a typical interface morphology in the air plasma sprayed TBC systems [35] . The thickness of the TC and the BC layers are taken as h T C = 500 µm and h BC = 200 µm respectively. The TGO layer is usually a thin layer whose thickness increases during operation (as a function of thermal cycles/time). The evolution of the TGO thickness is not modelled since only a single thermal cycle is analysed during which the growth of the TGO is negligible. Since the objective is to investigate the role of the healing particles and the property mismatch on the cracking pattern the TGO layer is not considered in the present analysis. Correspondingly, the loading condition considered in this work represents a typical (single) thermal cycle of an as-deposited TBC system. As discussed earlier, the healing particles made of MoSi 2 are dispersed in the TC layer closer to the TGO layer representing the self-healing TBC architecture reported in [6] . Dispersing healing particles close to the TGO layer would be an effective approach as the microcracks are expected in such regions [8] . Fig.2 shows one of the configurations considered in the study in which a pair of healing particles is dispersed in the TC layer, whose location is characterised by the interparticle distance (D p ) and the orientation (θ). The modelling approach is then extended to a system containing randomly distributed healing particles, whose details will be discussed in corresponding sections. The unit cell is meshed with two-dimensional three-noded plane strain triangular elements using the open source software GMSH [36] . To model fracture, cohesive elements are embedded throughout the finite element mesh regions in the unit cell using a Matlab script. Finite element analysis is carried out using the commercial software Abaqus. The insertion of cohesive elements throughout the finite element mesh enables arbitrary crack initiation and propagation, an important requirement in a complex system such as a TBC containing healing particles. One important consideration while using cohesive elements everywhere is the mesh dependency effect. A random and sufficiently fine mesh is a prerequisite in order to obtain a converged fracture pattern [28] . The element size is also chosen carefully to fulfill the requirements of properly resolving the cohesive zone. The region where the cracks are likely to nucleate and grow is finely meshed with an element size of 1 µm. The remaining regions of the TBC unit cell are meshed with an element size of 2 µm. The domain convergence analysis is carried out to find an appropriate width (W) of the periodic unit cell based on the convergence of critical temperature (onset of unstable crack growth). For W = 480 µm and W = 960 µm the percentage error in critical temperature is around 5 %. Hence, W of 480 µm is chosen for modelling the periodic unit cell. The finite element model is two-dimensional which poses limitations on the scope as actual three-dimensionality of the TBC microstructure is lost. However, a two-dimensional approach can be used effectively to unveil the failure mechanisms in TBC as it captures the most of the important features of the microstructure. Further, considering the size of the unit cell and the level of microstructural details of the considered self-healing TBC system, a three-dimensional analysis is not feasible to investigate in detail the effect of geometric and material parameters on fracture evolution.
Loading and boundary conditions
The substrate of the TBC, whose dimension is orders of magnitude larger than the individual layers of the TBC, is not modelled explicitly. Rather, its effect is accounted for through enforcement of boundary conditions derived using the thermal deformations induced by the substrate during a thermal cycle [37] . Due to its dimensions, the thermal deformation of the substrate can be assumed to be unaffected by the TBC layer. With this assumption, the induced thermal deformations can be obtained, and these displacements are then enforced as periodic conditions in the TBC unit cell as given in Eq. (1) for the left (L) and right (R) edges of the unit cell,i.e.,
where ν s and α s correspond to Poisson's ratio and the coefficient of thermal expansion, respectively and the subscript s refers to the substrate. The bottom (B) edge of the unit cell is subjected to the following displacement field:
whereas the top surface of the TBC is modelled as traction-free.
A typical thermal cycle that a TBC undergoes during operation consists of an ascending branch where the temperature rises more or less linearly from room temperature to operating high temperature, followed by a constant temperature operating period and finally cooling down phase back to the room temperature. In the literature, it is assumed that the TBC is stress-free at operating temperature (1100 o C) as the coating is deposited at around similar temperature range [1, 38] . The third phase of the cycle corresponds to a cooling phase in which thermal mismatch stresses develop and cracks are expected to initiate. Hence, this cooling down phase of the cycle is considered as the loading case whereby the temperature in the TBC model is gradually decreased from 1100 o C to 30 o C. As the crack formation is based on an quasi-static analysis, the cooling rate does not play a role and the system is assumed to be in thermal equilibrium at all times.
Constitutive models and material properties
The behaviour of the TBC system is strongly governed by the mismatch in the thermomechanical properties of the individual layers of the TBC system. The constitutive material behaviour of the different layers is assumed to be linear elastic and isotropic. A bilinear traction-separation law is used as the constitutive relation for the cohesive elements with different cohesive properties assigned for each layer and the interface in the TBC system. With cohesive elements embedded everywhere, another important aspect to be addressed is the way the periodic boundary conditions are applied on the edges where at a given nodal location, there is usually more than one node. Appropriate pairs of nodes are identified on the left and the right edges, which upon the enforcement of the boundary conditions does not prevent any crack to pass through and open the edges when required by the process, i.e., the artificial arrest of cracking in the edges is prevented.
The Youngs modulus E, Poisson's ratio ν and coefficient of thermal expansion α for the distinct phases are summarised in Table 1 . The elastic and thermal properties of the TC are chosen similar to the values reported in [39, 40] . The elastic properties and the thermal expansion coefficient of the BC are chosen close to the values given in [41] . The stiffness of the healing particles is assumed to be 3 times larger than the stiffness of the TC [31] . The mode I (normal) fracture strength σ n and the mode I fracture energy G IC of the TC, the BC and the healing particles are considered in accordance with [42, 43, 44] , where the values of the fracture energies reported in Table 1 have been calculated from the fracture toughness K IC under plane strain and small plastic zone assumptions, i.e.,
The ratio of the shear strength to the normal strength for the TC is taken as γ T C = 4. This value is in-line with the experimental observations that the ceramic TBC fails in tension (Mode I) rather than in shear (Mode II). For simplicity, the same value of γ T C is also used for the ratio between the mode I and mode II fracture toughness. For the BC, which is a metallic layer, the ratio is taken as γ BC = 1. As indicated in Table 1 distinct values for the properties of the healing particles are considered. The BC/TC interface is chosen to have the fracture properties of the BC. Unless explicitly specified, the normal fracture strength, ) and the mixed-mode strength ratio, (γ P , γ i P/TC ) of the healing particles and the healing particle/TC interface are assumed to be equal and are taken as 300 MPa and 4, respectively. The influence of the fracture properties of the particles and the interface are analysed separately in Sec. 3.3 and Sec. 3.4 by considering different values for the strength of the particle and the interface.
Results and discussions
Three thermomechanical material parameters are considered for the analyses, namely (a) the CTE mismatch between the healing particles and the TC matrix, (b) the relative strength of the healing particle with respect to the TC layer and (c) the strength of the interface between the TC matrix and the particle. Finite element analyses on the TBC unit cell with boundary and loading conditions as described in Sec. 2.2 are conducted for a range of the above three material parameters, and the results are summarised in terms of the fracture pattern and the crack evolution kinetics in the TBC layers in the following sections.
In the context of cohesive element approach, crack initiation occurs when the traction in the element exceeds the material strength, and the crack is said to be fully formed when the amount of energy per unit area dissipated in the element is equal to the fracture energy of the material phase. In a system containing different phases with significantly different fracture energy values between the phases, it is not straightforward to define a failed state of the element in the different material phases. For instance, in the present situation, the fracture energy of the TC layer is 10 times lower than that of the healing particles. This would mean that the complete failure of a particle cohesive element is reached only when the energy dissipated in the crack opening is 10 times as compared to that of the complete failure of the TC cohesive element. Nonetheless, in both cases, the cohesive crack initiation would have started already. Thus, in order to have a useful interpretation of a failed state in the cohesive element, it is assumed that the cohesive element in the TC is completely failed when the energy dissipated within the element (per unit area) is equal to 95% of the fracture energy of the TC. For the cohesive elements in the healing particles, an element is assumed to be failed (or the crack is said to be formed) when the dissipated energy in the element is equal to 10% of the fracture energy of the healing particles.
The results of the simulations are reported in terms of crack initiation temperature. In order to have a mesh-independent definition of crack initiation, a study was performed whereby the crack is said to be formed or initiated in terms of a predefined crack length (sum of the length of the failed cohesive elements). Three different crack lengths are considered for this purpose given by 1, 2 and 3 µm. It was observed that the choice of the above crack lengths did not have a significant influence on the crack initiation temperature (error being less than 5%). To this end, the crack initiation temperature is assumed to be reached when the cumulative crack length reaches a value of 3 µm.
Effect of CTE mismatch
For the CTE mismatch study, two different simulation setups are considered, denoted as a two-particle system and a multiple particles system. The simulation set up for the two-particle system is shown in Fig. 2 . The objective is to first study the effect of the CTE mismatch on the local crack evolution in the presence of two idealised healing particles whose topology/distribution is fully defined by the inter-particle distance and the orientation. Subsequently, the second setup containing a more realistic random distribution of multiple particles are modelled in the TC layer, and the crack evolution is investigated. Finally, the results obtained from the two simulation setups are compared in order to provide an explanation of failure in the multiple-systems setup based on the two-particle set up.
Two-particle simulation setup
Two healing particles each of radius R P =7.5 µm are dispersed in the TC layer. The interparticle distance and the orientation between the particles are varied to study the effect of these topological/spatial parameters on the crack pattern. Five different values are assigned for the interparticle distance given by D P /R P = 0.25, 0.5, 1, 1.5 and 2, where D P /R P is the ratio of the normal distance between the edges of the particles to the radius of the particle. The orientation characterised by the angle θ between the line connecting the centre of the particles and the positive x-axis is assigned four values given by θ = 0 0 , 30 0 , 60 0 and 90 0 . Two different CTE mismatch ratios, given by α P /α T C = 1.5 and 0.5 are considered for the simulations. The stress fields in and around two adjacent particles are shown in Fig. 3 at T = 30 0 C for D P /R P = 0.5 and θ = 30 0 . As shown in Fig. 3a , the crack initiates between the particles when α P /α T C = 1.5 and subsequently appears on the top and the bottom of the particles (as observed with respect to the TGO interface). In contrast, the crack initiates in the periphery of the particles (i.e., "outside") when α P /α T C = 0.5 as may be observed in Fig. 3b . This example illustrates that the nucleation of cracks depends strongly on the CTE mismatch. The results of all the cases considered are summarised in Fig. 4 in terms of the crack initiation temperature in the TC layer as a function of the topological/spatial parameters. From the figure corresponding to α P /α T C = 1.5, it can be observed that the spatial parameters have, in general, a considerable influence on the crack initiation temperature. In particular, the interparticle orientation has a more significant influence on the crack initiation temperature than the interparticle distance. The crack initiation occurs earlier in the case when the particle is located one below the other as opposed to the case where they are located side by side. The following explanation holds for such observation. For the considered thermal mismatch and the loading condition (cooling), when the particles are located one below the other, given by θ = 90 0 , tensile stresses are generated on the top and the bottom interface regions of both the particles. This, in turn, leads to further amplification of the driving force for the crack initiation and evolution due to the interaction between the stress fields associated with each particle. On the other hand, when θ = 0 0 , such tensile-tensile stress field interaction does not occur, rather a compressivecompressive stress field interaction results from such a spatial positioning of the particles. Thus, naturally, for the considered thermal mismatch ratio, the temperature drop (during the cooling process) required for crack initiation increases as the angle between the particles is decreased from 90 to 0 degrees. In terms of the interparticle distance, as highlighted above, the influence is rather less than that of the orientation as can be observed from Fig. 4 . For the orientations, θ = 60 0 and 90 0 there is a general tendency that the crack initiation is delayed as the interparticle distance is increased. On the other hand, for θ = 30 0 and 0 0 , the trend is not monotonic, and it can be said that the interparticle distance does not play an influencing role on the crack evolution on an average sense.
The results corresponding to the case of the thermal mismatch ratio α P /α T C = 0.5 are shown in Fig. 4 , where the thermal expansion coefficient of the particle is lower than that of the TC matrix. In this case, the trend is in general reversed as compared to the previous case albeit with a distinct behaviour observed until the interparticle distance reaches a value of 1. When the interparticle distance reaches the value equal to 1, the temperature drop required for the crack initiation is significantly larger. The trend in the variation of the crack initiation temperature is not monotonic, which can be attributed to the following observation of crack patterns: Until the interparticle distance reaches the value of 1, the microcracks are initiated in a region outside of the particle pair, whereas when the interparticle distance is increased beyond the value of 1, cracking occurs in the region between the two particles.
Multiple particles simulation setup
In this subsection, the results for the second simulation set up where a random distribution of healing particles is considered are presented. The volume fraction of the MoSi 2 particles is approximately 15% chosen in accordance with the self-healing TBC systems considered in [8, 29] . All healing particles have the same radius R P =7.5 µm as used in the two-particle simulation set up. To evaluate the effect of the thermal mismatch parameter, five different values are considered in the analysis given by α P /α T C = 1.5, 1.25, 1, 0.75 and 0.5. The results of the simulations are reported in terms of the fracture pattern as shown in Fig. 5 . Upon observing the cracking patterns, it can be inferred that the thermal mismatch ratio has a significant influence on the crack initiation and evolution. In particular, the fracture patterns are distinctly different for different mismatch values. In general, for a mismatch ratio larger than 1, microcracks initiate at the top and bottom edges of the healing particles, whereas for mismatch ratios lower than one, the tendency is that the cracking occurs at the left and right sides of the particles. As expected, no cracking is observed for the mismatch ratio equal to 1, i.e., the particle and the TC layer having identical values of thermal expansion coefficients. Any deviation from this value generates thermal mismatch stresses, which in turn leads to crack initiation, the severity of which depends upon the magnitude of the CTE mismatch. One interesting observation is that for the case of α P /α T C = 0.75, micro-cracks are also initiated near the TC/BC interface as observed from the figure, revealing the complex effect that the CTE mismatch has on the failure behaviour of the TBC systems. Further detailed quantification in terms of the crack initiation temperature and total crack length can reveal the fracture characteristics in the TBC as a function of CTE mismatch. The results of such quantification are summarized in Fig. 6 whereby the crack initiation temperature and the total crack length are plotted against the thermal mismatch ratio. As discussed before, five realisations are considered for each case of thermal mismatch ratio. Hence an average value is plotted along with the discrete standard deviations. The crack initiation occurs earlier in the TC layer with the increase or decrease in the CTE mismatch ratio from the value of 1 as shown in Fig. 6 . The crack intiation behavior due to the CTE mismatch is qualitatively similar to the reported trend [45] quantified through a nondimensional mismatch parameter in ceramic composites. From the total crack length vs CTE mismatch plot, it can observed that for the case of thermal mismatch ratio of α P /α T C = 0.5, the matrix failed completely, which is attributed to the fact that the crack initiates on the left and right edges of each particle, making it far easier to grow further. In other words, once the microcracks are formed on the left and right edges of each healing particle, the stress fields associated with the microcracks corresponding to each particle synergistically interacts with the stress fields of the neighbouring microcracks (of the neighbouring particle). This, in turn, results in the interaction and further amplification of the stress fields and thus ultimately resulting in failure of the matrix. On the other hand, for the mismatch ratio α P /α T C = 1.5, such interactions do not occur due to the crack initiation locations, thus resulting in a relatively lower total crack length. It is generally observed that any CTE mismatch between the particles and the matrix would lead to thermal stresses and in turn result in possible microcracking, thus potentially weakening the self-healing material. In the research on extrinsic self-healing ceramics reported in [46, 47] , the CTE mismatch between the healing particles and the ceramic matrix is considered as one of the important criteria for the selection of the healing agent. In contrast, for metal matrix particulate composites [48, 49] the CTE mismatch between the particle and the metal matrix is found to improve the strength and toughness of the composite material owing to the induced plastic deformation of the matrix.
Model Integration
In this subsection, a correlation is made between the results obtained from the random distribution of multiple particles with the two-particle case. The crack initiation temperature is used for the correlation using the results corresponding to two thermal mismatch coefficients namely α P /α T C equal to 0.5 and 1.5. In the TBC system with a random particle distribution, the spatial metrics of the particles are quantified in terms of the distance and the orientation between the adjacent pair of particles, which is then used to correlate with the two-particle TBC case. The results of the comparison are shown in Fig. 7 , in which the crack initiation temperature is plotted for both TBC configurations as a function of the spatial metrics. The results corresponding to the two-particle case are plotted as lines and those of the multiple particle cases are plotted as dark dots superimposed onto the two-particle plots. From the results, it can be observed that the two-particle case correlates very well with the results corresponding to the TBC system with a random distribution of multiple particles. For instance, in Fig. 7 corresponding to the case of α P /α T C = 1.5, the crack initiation occurs in the vicinity of the particles whose normalised interparticle distance is between 0 and 1 and the angular orientation is between 60 to 90 degrees. In the other case for a lower thermal expansion coefficient for the particles, the crack initiation occurs in the vicinity of the particles whose interparticle distance is between 2 and 3 and the orientation is between 0 and 15 degrees. In both cases, the results from the two-particle and multiple particle cases correlate well. This indicates that a two-particle simulation is sufficient to study the interaction between the healing particles and the TBC layers in terms of crack initiation characteristics.
Effect of particle strength
The second material parameter considered in this study is the effect of the relative fracture strength of the particle with respect to the TC layer, defined by the ratio (σ P /σ T C ). To investigate the effect of the strength mismatch parameter, analyses are conducted for three different values of particle strength ratio, 0.5, 1 and 3. Two subsets of analyses are conducted, one with varying the ratio of normal (tensile) strength of the particle relative to the TC matrix by keeping the shear strength ratio fixed and equal to 1. In the second subset, the ratio of the shear strength of the particle to that of the TC matrix is varied, while the normal strength ratio is kept equal to 1. Two CTE mismatch ratios α P /α T C = 0.5 and 1.5 are considered. The resulting fracture patterns obtained from the simulations are reported in Fig. 8 .
The results corresponding to the thermal mismatch, α P /α T C = 1.5 is shown in the upper part of the figure. From the results, it is evident that the shear strength ratio has Fracture pattern corresponding to different particle strengths and two CTE mismatch ratios, α P /α T C = 0.5 and 1.5. In this figure, low or high normal strength corresponds to the variation of particle normal strength for a fixed shear strength ratio of 1 and vice-versa. For α P /α T C = 1.5 and the normal strength ratio (σ P /σ T C ) <=1, the particle shattering is observed with multiple micro-cracks inside the particle. For α P /α T C = 0.5, complete failure of the TBC occurs. The fracture pattern for this case is shown at T = 450 o C which shows particle fracture before the complete failure of the TBC.
no influence on the fracture pattern, whereas the ratio of the normal strength affects the fracture pattern noticeably. This is due to the fact that for the chosen thermal mismatch, tensile stresses are generated within the particles, making the particle cracking prone to tensile fracture properties, rather than shear. In the case of tensile strength ratio, distinct fracture mechanisms are observed when comparing the crack patterns for the normal strength ratios, 0.5 and 3. In particular, particle shattering occurs when the normal strength ratio is less than or equal to 1. The same type of failure mode (particle shattering) is also reported experimentally in [50] when the particles in a metallic matrix are subjected to tensile stresses. In the present case, the cracks in the particles do not grow into the TC matrix owing to the compressive stress fields in the TC layer under cooling. On the other hand, for the normal strength ratio of 3, microcracks form in the TC layer close to the top and bottom proximities of the particles but leave the particles uncracked. In the case of the shear strength ratio, as explained above, no influence is observed, leaving similar fracture patterns for all the three cases given by shear strength ratio = 0.5, 1 and 3. The fracture patterns corresponding to the thermal mismatch ratio equal to 0.5 are shown in the lower part of Fig. 8 . One important difference between the results corresponding to the CTE mismatch 0.5 and 1.5 is that complete failure of the TBC occurs when the CTE mismatch is equal to 0.5. This can be attributed to the fact the stress field in the TC layer adjacent to the particles (to the left and the right) is tensile in nature leading to microcrack initiation in the vicinity of the particles. Further, the favourable orientations of these microcracks lead to their coalescence resulting in a large macrocrack, hence the complete failure of the TBC before reaching the room temperature. To illustrate the effect of the strength mismatch the fracture pattern shown in Fig. 8 for α P /α T C = 0.5 corresponds to the temperature 450 o C (i.e., before complete failure). Corresponding to this point of the loading history and for this CTE mismatch ratio, the role of the normal and shear strength ratios are shown in terms of the resulting fracture patterns. In principle, the influence of the strength ratios for the CTE mismatch equal to 0.5 reverses as compared with the CTE mismatch ratio equal to 1.5, see Fig.8 . Specifically, the ratio of the normal strength does not influence the fracture pattern, whereas the shear strength ratio has an effect on the fracture pattern. This is primarily because compressive stresses result in the particles due to the lower CTE of the particle with respect to the TC matrix. Thus, the shear mode of failure is dominant, and the normal stress-induced cracking is prevented due to the presence of such compressive stress field within the particles.
Effect of interface strength
The third material parameter of interest is the strength of the interface between the healing particles and the matrix. For instance, the numerical study presented in [51] reveals the influence of thermomechanical stresses induced by the CTE mismatch on interface failure of the particulate composite. In the present study, the effect of variation of the interface strength with respect to the strength of TC layer (σ i P/TC /σ T C ) on the fracture pattern of the TBC is considered. To explore this effect, again two subsets of simulations are carried out for the two sets of CTE mismatch values, α P /α T C = 1.5 and 0.5 as conducted in the particle strength case. In the first subset, the interface normal strength is varied for a fixed interface shear strength ratio equal to 1. In the second case, the interface shear strength is varied by fixing the interface normal strength with a value equal to 1. The results of the simulations for the different interface strength ratios, σ i P/TC /σ T C = 0.5, 1 and 3 are shown in Fig. 9 . The figure resembles to Fig. 8 to a high degree for the CTE mismatch ratio of 0.5 but instead of particle cracking, interface debonding is observed.
The fracture patterns corresponding to the CTE mismatch, α P /α T C = 1.5 are summarized in the upper part of the figure for various normal and shear strength ratios. From the results, it can be observed that the normal strength ratio has a noticeable influence on the fracture pattern, whereas the shear strength ratio does not affect the fracture pattern as can be seen from the figure. This is again due to the effect of tensile stress fields in and around the particles for the considered thermal mismatch. Such an effect of the normal Figure 9 : Fracture pattern corresponding to different interface strengths and two CTE mismatch ratios α P /α T C = 0.5 and 1.5. In this figure, low or high normal strength corresponds to the variation of interface normal strength for a fixed interface shear strength ratio of 1 and vice-versa. For α P /α T C = 1.5 and the normal strength ratio (σ i P/TC /σ T C ) <=1, the interface debonding occurs at the top and bottom sides of the particles. For α P /α T C = 0.5, complete failure of the TBC occurs. The fracture pattern for this case is shown at at T = 450 o C which shows interface debonding between the particle and the TC before the complete failure.
strength is visible from the fracture pattern corresponding to the higher and the lower values of the normal strength ratios, in which the interface debonding becomes less severe when the normal strength ratio of the interface is increased to the value 3. The fracture patterns corresponding to the variation in the shear strength ratios are not altered.
For the CTE mismatch, α P /α T C = 0.5, the fracture patterns are shown in the bottom portion of Fig. 9 . It is worth mentioning that for this CTE mismatch case, complete failure of the TBC occurs, as was the case in the particle strength study. Nonetheless, to reveal the effect of the interface strength mismatch, the fracture patterns before the complete failure are reported, i.e., at a temperature 450 o C. Upon comparison of the fracture patterns for the two CTE mismatch values, the effects of the normal and the shear strength ratios are reversed. A similar observation was made in the particle strength study. The resulting fracture patterns reveal that changes in normal strength ratio of the interface do not influence the fracture pattern. On the other hand, a decrease in the shear strength leads to more microcracks resulting from the interface debonding, as in the particle strength study. The primary difference between the particle strength and the interface strength studies is that the interface debonding occurs in a stress field which is severely inhomogeneous along the interface, whereas the stress field within the particle (whether tensile or compressive) is largely homogeneous until crack initiation sets in.
In general, a weak interface can degrade the TBC mechanical properties, but would possibly offer the potential of exposing the TBC microcracks to the healing agent contained within the particle.
Conclusions
Finite element simulations of fracture evolution in TBC systems with embedded solid healing particles were conducted to investigate the effect of geometric and material properties of the healing particles on the crack pattern. Two different configurations of the unit-cell based TBC were analysed, one with a single pair of healing particles and the other with a random distribution of healing particles. The effects of CTE and strength mismatch between the particles and the TC layer were studied using parametric simulations. The following conclusions are drawn from the study.
• In addition to the CTE mismatch, the two-particle setup also captures the effect of topological distribution of the healing particles, characterised by the interparticle distance (D P /R P ) and the particle orientation (θ) on the important fracture determining parameter (crack initiation temperature) quite well.
• In the two-particle case, for the higher CTE mismatch ratio (α P /α T C = 1.5), the particle orientation has a more significant effect on the crack initiation temperature than the interparticle distance whereas for the lower CTE mismatch ratio (α P /α T C = 0.5), both the orientation and the interparticle distance has a substantial effect on the crack initiation temperature.
• From the results of the multiple-particle simulations, it can be inferred that introducing the healing particles in a TBC can significantly alter the fracture pattern as compared to that of a conventional TBC system. The resulting fracture pattern is strongly determined by the CTE mismatch between the healing particles and the TC layer. In the present study, significant cracking is induced when α P /α T C > 1.25 or α P /α T C < 0.75. It is worth mentioning that for α P /α T C < 1, microcracks appear to the left and the right of the healing particles, whereas for α P /α T C > 1, the cracks appear on the top and the bottom of the healing particles.
• Very good correlations between the dual particle TBC setup and the TBC set up with a randomly distributed array of particles were observed in terms of the crack initiation temperature.
• The fracture strengths of the particle and the particle/matrix interface have a strong influence on the fracture mechanism in the TBC. Further, for the higher CTE mismatch ratio, the normal strengths of the particle and that of the interface have a prominent effect on the crack pattern as compared to the shear strengths ratios and for the lower CTE mismatch ratio, the shear strengths of the particle and that of the interface have a prominent effect on the crack pattern as compared to the normal strengths ratios.
From the perspective of a successful self-healing TBC design, it can be suggested that α P /α T C < 1 along with lower relative fracture strength of the healing particles are desirable. Under such conditions, healing activation is favored as the observed fracture patterns reveal that the particles are open for the crack to heal in the TC layer. However, significantly lower values of α P /α T C (≤ 0.5) will lead to deterioration of the integrity of the TBC system resulting in premature failure. If the coefficient of thermal expansion of the particle is greater than the CTE of the TC (α P /α T C > 1), the simulation suggest to avoid multiple layers of particles.
